In terms of elastic anisotropy, many rocks may be considered to have orthorhombic symmetry. Experimentally determining the nine independent elastic coefficients required for this case remains challenging. Elastic coefficients are most often found from measurements of the phase velocity in a variety of directions throughout a material, but finding this plane-wave velocity is problematic. Here, quasi-P and quasi-S phase speeds are found using the τ -p transformation through a composite material of orthorhombic symmetry. Arrays of specially constructed transducers (0.65 MHz) with different modes of vibration were placed on a rectangular prism of the material. More than 620 individual measures of phase speed were obtained at different directions and subsequently used in a generalized least-squares inversion that yields the required elastic coefficients. The analysis does not account for the effects of wave-speed dispersion evident in the waveforms acquired in the composite material. This dispersion is particularly severe for the in-plane, quasi-S polarization and is possibly a consequence of the fine layered structure of the material.
INTRODUCTION
Wave velocity isotropy is the usual assumption in reflection seismic profiling. However, most rocks are somewhat intrinsically anisotropic because of mineralogical texture or aligned microcracks. Even simple consideration of this anisotropy improves the quality of seismic images (Okoye et al., 1996a) . Indeed, neglecting to incorporate anisotropy during migration can introduce substantial errors when positioning of subsurface reflectors (Claerbout, 1985) . More realistic seismic imaging and modeling is hindered by the lack of understanding of the wave-speed anisotropy of many rocks. However, obtaining adequate information on rock anisotropy remains cumber- some, and any new methods that can ease acquisition of the appropriate information are welcome. Kebaili and Schmitt (1997) develop an experimental method where P-wave phase velocities are determined on both an isotropic and anisotropic material. Mah and Schmitt's (2000) methodology expands to include the determination of S-wave velocities on an isotropic glass block. We describe further development of an experimental method for measuring a sufficient number of both quasi-P and quasi-S phase velocities in a complex anisotropic media to allow the complete determination of the set of elastic coefficients under the assumption of orthorhombic symmetry. The method uses arrays of small, specially constructed transducers that impart and receive the quasi-P and two quasi-S modes. Gathers of traces so obtained are reminiscent of a walkaway vertical seismic profile (Kebaili and Schmitt, 1996) and may be analyzed in the τ -p domain. The advantage of this procedure is that phase (plane-wave) velocities, which are sometimes difficult to measure experimentally but are necessary in characterizing a material's elasticity, are directly obtained. The inversion is tested on velocities measured through an isotropic glass (Mah and Schmitt, 2000) and an anisotropic composite material. However, certain shear-wave arrivals suggest that in complex, layered materials, dispersion may need to be considered.
PULSE TRANSMISSION AND ELASTICITY

Background
The intrinsic elastic stiffnesses of a rock are essential factors needed in describing anisotropy; in the most general case, 21 independent coefficients are needed. Such a complete description is difficult to achieve experimentally, however, and most studies on rock presume that the rock is either isotropic, transversely isotropic (TI), or orthorhombic with 2, 5, and 9 independent constants, respectively (e.g., Musgrave, 1970) . These elastic constants can be found in principle by measuring the static deformation of a test sample. However, quasi-static measurements can be subject to substantial error, ultrasonic pulse transmission methods are more popular in material characterization (Markham, 1957) . Briefly in review, one quasi-P wave and two quasi-S plane waves propagate in any general direction through a homogeneous anisotropic medium obeying Hooke's law (e.g., Neighbours and Schacher, 1967) :
where σ i j are the components of the stress, c i jkl are the elastic stiffness constants, and ε kl are the components of the strain.
[The nomenclature used here is the same as that of Musgrave (1970) .] If these are plane waves, the phase velocities and polarization directions are the eigenvalues and eigenvectors of
where A l and A i are the amplitudes, ρ is the density, ν is the phase velocity, and il are the Christoffel symbols that depend on the elastic constants via
Here, n j and n k are the directional cosines. When the elastic coefficients are known, the wave-speeds in any direction are determined by solving equation (2). Conversely, the elastic coefficients can be determined by measuring a sufficient number of wave speeds. If the material is known to be isotropic, the elastic coefficients are found by measuring only a P-and an S-wave speed in any direction. The minimum number of wave-speed measurements required increases for materials of lower symmetry (more independent coefficients) and if the directions of symmetry in a given test piece are unknown.
Since the early measurements of Markham (1957) on cubic and hexagonal metals, numerous methods have been developed for geophysical application. A few methods include pulse transmission through specially machined spheres (Pros and Babuska, 1967; Thill et al., 1969; Pros and Podrouzkova, 1974; Vestrum, 1994) or multifaceted prisms (Markham, 1957; Carlson et al., 1984; Arts et al., 1991; Cheadle et al., 1991; Vestrum, 1994) but most commonly are through carefully oriented cylindrical core samples (e.g., Kaarsberg, 1959; Vernik and Nur, 1992; Vernik, 1993; Johnston and Christensen, 1995; Hornby, 1996) .
One complication in such analyses is that the phase, or plane-wave, velocity necessary to determine the elastic coefficient may often differ from the more easily obtained group (or ray) velocity. The physical consequences of this difference are well documented (e.g., Musgrave, 1970; Auld, 1973) and introduce ambiguity to experimental velocity measurements in anisotropic media (Dellinger and Vernik, 1994; Vestrum, 1994; Kebaili and Schmitt, 1997) . Without careful consideration of the sample and transducer geometries, it can be difficult to know whether group, phase, or some intermediate value is measured. Group velocities may be converted to phase velocities if a sufficient number of the former are measured to allow a smooth differentiation with respect to the propagation angle (see Thomsen, 1986) . Indeed, Vestrum (1994) develops a specialized procedure to invert the group velocities obtained in pulse transmission experiments over a sphere and a multifaceted prism of an orthorhombic composite similar to that used here. Okoye et al. (1996b) resort to smooth polynomial fitting of phase velocities observed through a bar of TI material to minimize the errors.
Not being able to measure phase velocities as described in equation (2) adds error to or substantially complicates the determination of the elastic coefficients in pulse transmission measurements (Vestrum, 1994; Okoye et al., 1996b) . One approach to reduce these problems is to implement a plane-wave decomposition via the τ -p analysis (Kebaili and Schmitt, 1996, 1997) , which directly provides the phase velocity as a function of the ray parameter (or horizontal slowness) p(θ) = sin(θ)/ν(θ), where θ defines the direction of the normal to the plane wave propagating with directionally dependent phase velocity ν. The essential components of the phase velocity determination method are described is Kebaili and Schmitt (1997) and are outlined in the Appendix. Once two of these τ -p domain curves are calculated for known differing source depths, the phase velocities as a function of phase propagation direction can be determined.
EXPERIMENTAL METHOD AND PHASE VELOCITIES
Experimental method
Experiments were carried out on a block of industrial composite of laminated fiber mats in a phenolic epoxy. The symmetry of such composites are relatively well controlled, and as such they have been used in tests by numerous authors (Cheadle et al., 1991; Karayaka and Kurath, 1994; Vestrum, 1994; Okoye et al., 1996b; Rümpker et al., 1996; Kebaili and Schmitt, 1997) . The composite consists of layers of woven fiber mats bonded with the epoxy. Two directions are defined by the weave of the mats, with the directions of the straight and the woven fibers termed the warp and weft, respectively. The layering, warp, and weave reduce the symmetry to orthorhombic (Karayaka and Kurath, 1994) , with a substantial anisotropy in planes parallel to the z-axis ( Figure 1 ) but with weaker anisotropy within the x-y plane. A large block 66 × 27 × 17 cm of this material (grade CE phenolic) was milled to provide flat and perpendicular surfaces paralleling the layering, the warp, and the weave as best possible. The mass density of this composite is given by the manufacturer as 1395 kg/m 3 , and there are approximately 20 fiber mats per cm thickness within the material.
FIG. 1. Orientation of the principal directions of the phenolic
block relative to the x-y-z coordinate reference axes used.
One P-wave and two S-wave transducers that acted as both sources and receivers were prepared from piezoelectric ceramics (Mah and Schmitt, 2001) . The transducers were made as small as possible so the transducer dimension effects could be ignored. The P-wave transducers were prepared from commonly available lead zirconate sheets by cutting into 2.0-mm squares using a computer-controlled diamond saw used in electronic chip manufacturing. These transducers expand predominantly in the direction perpendicular to the block surface. The nominal resonant frequency of these transducers is 1.0 MHz. The S-wave piezoelectric ceramics with a resonant frequency of 0.65 MHz were cut into 2 × 3-mm rectangles in two perpendicular directions to make transducers preferentially sensitive to the different quasi-S-wave polarizations. The two cuts produce displacements parallel to the surface of the test piece, referred to as SV and S H, which are also parallel and perpendicular to the source-receiver array plane, respectively. These designations of P, SV , and S H polarization should not be taken too literally, especially when used over complex anisotropic media with quasi-P and quasi-S polarizations. These designations simply refer to the mode which is attempted to be preferentially generated, given the experimental limitations.
Because of directional constraints, the SV transducers were poor transmitters, although they were still used in reception. The P transducers better generated SV -like polarizations and were consequently used for transmitting in both the P and SV arrays. This is expected because the P transducers act as vertical point sources that also generate an SV radiation pattern with substantial energy at oblique angles. Tests of these transducers and of the τ -p method were performed on a test sample of isotropic, homogeneous glass (Mah and Schmitt, 2001 ). These tests suggested that uncertainties of less than 1.0% may be expected using the τ -p technique under well-controlled conditions for a homogeneous material.
Phase velocities
Arrays were constructed within four different planes on the composite material oriented with respect to the texture in the x-z, y-z, x-y, and x y-z planes, where the last is a diagonal plane containing the z-axis rotated 45
• from the x-axis (Figure 2 ). The three different P, SV , and S H polarizations were obtained at two different source depths in each of these planes, resulting in a total of 24 individual sets of data comprised of 920 source-receiver combinations. Analysis of the resulting τ -p curves yielded 624 high-quality measurements of the phase velocity, of which only the portion of the results for the x-z plane is presented for illustration.
The P-wave transducers for the x-z array were arranged with the sources at 2 and 4 cm depth on the y-z plane and with the receivers mounted on the x-y plane. The processed waveforms ( Figure 3 ) display a hyperbolic-like moveout with increasing offset and show only a modest degree of dispersion. The resulting τ -p transforms (Figure 3 ) have ellipse-like shapes as expected. However, at τ = 0 (i.e., when the vertical slowness q = 0) both ellipses intersect at 300 and 310 µs/m, which yields at face value horizontal velocities of 3333 and 3226 m/s, respectively. This discrepancy is not unexpected because such angles cannot be truly illuminated within the given experimental configuration and should be taken as indicative of edge effects in the transformation. Modeling and experience with the data suggest that, with the present arrangement of the arrays, the phase velocities obtained between phase angles θ from 5
• to 70
• will be valid. The x-z plane P vertical slowness q versus horizontal slowness p (Figure 4a ) obtained from the τ -p transforms shows substantial divergence from isotropic. The high degree of velocity anisotropy within the material is shown when the q-p plot is converted to ν-θ (Figure 4b) where, over the range of phase propagation angles where the results are valid (5
• to 70 • ), the velocity increases from 2650 to 3450 m/s as the propagation direction varies from near vertical to subhorizontal.
While analysis of the P-mode transducers is relatively straightforward, obtaining results from the SV mode is complicated by the strong coupling between the P and SV mode, with both unavoidably generated at the same time. As noted earlier, P-mode transducers were used for SV -wave generation, and this introduces problems of directionality (Figure 5a ) in which a strong P-wave arrival exists over much of the array. This is followed by a later SV mode that is substantially weaker at greater offsets. Again, this is not unexpected because the radiation pattern for a vertical point source has strong P amplitudes in the direction of particle motion and SV amplitudes at more oblique angles (e.g., White, 1983) . For this mode, the P and SV modes produced at 2 cm depth were not sufficiently separated in time to allow for accurate velocity determination, and the results shown were obtained from sources at 4-and 6-cm depths. Little can be done to ameliorate this aspect because the P-SV coupling is intrinsic to wave propagation in elastic materials. At the greater depths, however, the two modes are sufficiently distinct to allow the P mode to be muted, isolating the SV arrivals (Figure 5b ) for transformation to the τ -p domain.
A further complication is the shape of the SV -mode waveforms that display substantial dispersion and increasing complexity with offset. Some of this complexity is likely from crosstalk between the SV and S H-mode particle motions. However, the composite is primarily a layered medium in which the scale of the layering relative to the wavelengths introduced can be important (e.g., Helbig, 1984; Marion et al., 1994; Rio et al., 1996) . The observed waveform complexities may be a manifestation of the influence of the layering on wave propagation. Examination of these waveform effects is deferred to focus on the anisotropy determination strategy.
The S H-mode traces are cleaner, with a sharp waveform ( Figure 6 ) allowing for a clear τ -p transformation. The S H-mode transducers were not subject to the same crosstalk as seen for the SV records. However, there is noticeable spreading of the waveforms with propagation distance, which is not seen in the case for the glass. This indicates there is substantial dispersion for the S H mode also. Though difficult to quantify, there appears to be slightly less dispersion for the S H mode in the x-y plane.
The P, SV , and S H phase velocities were obtained from the analyses of the complete set of τ -p transformations ( Figure 7) . As expected, the planes containing the z-axis perpendicular to the lamination are highly anisotropic for both P and S modes. The greatest P anisotropy is 23.2% in the y-z plane, while the greatest S H anisotropy is 12.6% in the y-z plane. Both the P and S H modes show an extremum at phase angles approaching the principal directions. Interestingly, within the x-y plane the greatest phase velocity is observed near 45
• .
INVERSION FOR ELASTIC COEFFICIENTS
Various types of inversions done by others have some important differences when compared with the type of inversion we use. Arts et al. (1991) solve for all 21 elastic constants of the stress-strain tensor in the least-squares sense, using the measurements of the phase velocities and the corresponding polarizations for various directions of propagation. Okoye et al. (1996b) assume that the material is TI and apply a smooth polynomial fitting to the phase velocities before applying the least-squares method iteratively. Vestrum's (1994) inversion is an iterative application of Newton's method.
Our generalized least-squares inversion method obtains the elastic coefficients from observed phase velocities and propagation angles. Relatively straightforward inversion methodologies were used (Kincaid and Cheney, 1996) , and the strategy need only be briefly outlined here. Further details on the computer code can be found in Mah (1999) . The inversion strategy begins with an initial guess at the elastic coefficients with the assumption that the density is already well known. Phase velocities with propagation angle are calculated from this seed using equations (2) and (3), and the residuals of these with those observed are minimized using an L2 norm. Both nearest neighbor and secant methods (Kincaid and Cheney, 1996) are used iteratively. Pseudorandom jumps in the values are included to prevent trapping the inversion in a local minimum. This method was first tested on a number of synthetic results in which the phase velocities were first forward modeled on a hypothetical orthorhombic material. In the noise-free case, the elastic coefficients for an orthorhombic material were reproduced to better than 0.01%. The influence of various levels of noise, in the sense of both random electrical effects and transducer misplacement, was modeled by the addition of random noise to synthetic data. This showed the inversion to be accurate within an average of 3% for random errors in velocity of up to 10% (Mah, 1999) .
In Mah and Schmitt (2001) , 144 phase velocity measurements were obtained on a glass test sample. We invert these phase velocities assuming isotropic symmetry, and the corresponding statistical analysis yields the following results for the elastic constants: λ = 23.56 ± 0.58 GPa and µ = 30.68 ± 0.13 GPa. These elastic constants can be similarly expressed in terms of bulk modulus κ and Poisson's ratio σ as 44.0 ± 0.7 GPa and 0.217 ± 0.004 GPa, respectively. These results compare fairly well with the elastic constants of λ = 22.643 ± 3.584 GPa and µ = 30.767 ± 1.648 GPa as calculated from direct pulse transmission measurements. For an isotropic medium such as glass, the elastic constants can be calculated with an error of <3% using this methodology.
This inversion methodology is also applied to the 624 obtained values of phase velocity versus phase angle summarized in Figure 7 . The inversion assumes the material is orthorhombic and that the x-z, x-y, and y-z planes are planes of symmetry. Even though our inversion treats the material as orthorhombic, it can be readily adapted to handle even the triclinic case. Two greatly different seed values are used: one in which all the FIG. 6. In the x-z plane, the S H-mode records for the 2.0-cmdeep source.
FIG. 7. Summary of the phase velocities versus propagation angle θ obtaind from the τ -p analysis of the arrivals in the (a) x-z, (b) y-z, (c) x y-z, and (d) x-y planes. Symbols represent the P-wave (circles), SV -wave (triangles), and S H-wave (stars) particle motion polarizations. Angle θ is measured from the z-axis for the x-z, y-z, and x y-z planes and from the y-axis for the x-y plane.
elastic coefficients are initially zero and a second which uses those provided by Vestrum (1994) on a similar material. The procedure is stopped once 500 iterations of the inversion are performed. The calculation typically requires only 448 on a 170-MHz machine using a high-level programming language. The results of the inversion are shown in Table 1 in the notational style used by Vestrum (1994) , and a statistical analysis of the results indicates they are accurate to within 2.14%. The choice of the seeds is not important because both initial guesses approach the solution within 300 iterations and the final difference between the solutions differs by only 5 MPa, or <0.2%. One way to test the reliability of the method is to use the resulting elastic coefficients to calculate in a forward sense what the phase velocities would be. These theoretical phase velocity values are shown as lines in Figure 7 . The S H-wave velocities are generally well determined with a maximum discrepancy of 87 m/s between the calculated and observed values. The P-and SV -mode phase velocities are less well determined, with the greatest error of 182 m/s seen for the P mode in the y-z plane. The reasons for this are not fully understood but may be from the dispersion present for both the P and SV waveforms. Further, the degree of error is expected to be higher for the SV mode becauuse of the problems already indicated. Since, even in the anisotropic medium, these two modes will be preferentially coupled relative to the S H mode, it might be expected that this coupling will introduce error into the Pmode determinations.
DISCUSSION
Measurement geometry
It is useful to consider how the measurements may be optimized-that is, the least amount of data that should be obtained. Examination of the fully expanded equation (1) in the manner of Neighbours and Schacher (1967) reveals that velocities need to be measured in the three orthogonal planes of symmetry of an orthorhombic material. If these planes are not known, then an additional diagonal plane must be investigated to help localize the results. If the situation arises that no information about the axes of symmetry of the orthorhombic material is known or that the material is indeed triclinic, a more general approach must be taken. At minimum, in the most general approach velocities must be measured in three planes oriented along an arbitrary set of axes plus two further mutually oriented perpendicular planes running diagonally to this set of axes. An additional third diagonal plane is recommended for a total of six distinct planes to most accurately determine the 21 independent elastic stiffnesses.
Dispersion
Although a set of nine elastic coefficients was readily determined from the observed phase velocities in the inversion, some experimental problems remain. The most important is substantial dispersion. This dispersion is evident in all the records of the P-, SV -, and S H-mode waveforms seen in Figures 3, 5 , and 6. This dispersion is only weakly, if at all, detectable in the corresponding measurements on glass-a nearly ideal, high Q, elastic medium (Mah and Schmitt, 2001 )-suggesting that the dispersion may in part be a consequence of the structure of the material. This dispersion must have some influence on the accuracy of the τ -p method of phase velocity determination and needs to be considered in the future (see Martinez and McMechan, 1984) .
Although portions of the dispersion are possible from intrinsic attenuation, it is also likely that part of the effect may be a consequence of wave propagation through the layered structure of the composite. Although difficult to quantify, there appears to be less dispersion in the x-y plane waveforms, suggesting that the observed dispersion is symptomatic of the layering. Indeed, such layering-induced dispersion is not unexpected, especially once the dimensions of the layers approach the wavelength of the illuminating elastic wave energy (e.g., Helbig, 1984) . This may be the case in the present material as Table 1 . Elastic constants of the stress-strain tensor in Voigt notation for a sample of the orthorhombic material phenolic. the wavelength of the shear waves approaches 2 mm, which is only a factor of four greater than the nominal 0.5-mm scale of the layering. Such effects were first hinted at experimentally by Melia and Carlson (1984) on plastic-glass composites.
Other potential problems reside with the difficulties of cleanly separating different arrivals and the unavoidable P-SV mode coupling. This is because of the complexities in polarization of the different modes in an anisotropic medium (e.g., Crampin, 1978; Rümpker et al., 1996) and the related directionality of the transmitting and receiving transducers (Mah and Schmitt, 2001) . A final problem is that only a limited range of angles may be covered with the transducer arrays. For equal spacing of transducers, this will introduce a sampling bias toward the far-offset transducers.
CONCLUSIONS
Phase velocities were determined directly as a function of phase propagation angle on an anisotropic composite material of orthorhombic symmetry. Special, near-point transducers were developed to impart and receive different elastic-wave energies. These transducers were designated as P, SV , and S H to indicate the primary mode of particle motion that each different transducer was sensitive to. Clean P and S H modes could be generated and received in both glass and the test anisotropic composite. However, the SV mode is complicated by the coupled nature of P and SV waves and by difficulties in the directionality of SV -mode receivers to impart the desired wave energy into the medium. Twenty-four arrays of these transducers were constructed along four strategic planes of the composite material, allowing 624 individual P-, SV -, and S H-mode phase velocities to be obtained.
Under the assumption that the test composite material was orthorhombic, nine independent elastic constants were obtained by a nonlinear least-squares inversion procedure. Phase velocities calculated in a forward manner using the obtained elastic constants indicated they are in generally good agreement with the observed phase velocities. However, some discrepancies remain, and these may be because there is very noticeable dispersion in all the waveform modes (i.e., pulse spreading with increasing propagation distance), particularly for the SV mode. This dispersion is not accounted for in the present τ -p velocity determination method. Further, it is highly likely that there is some small-scale heterogeneity within the laminated composite as a consequence of its construction, and this could also introduce additional errors to the measurements. However, the smoothing intrinsic to the τ -p method should alleviate the effects of small-scale heterogeneities to some degree.
Future technical work will focus on technical development of the technique to make it less cumbersome and so it can be used under pressure. One great advantage of the methodology is that it can be applied to samples of simple shape, such as rectangular prisms and even cylinders. The latter will be particularly useful in the context of determining anisotropy in shales, which are often assumed to be TI using core samples with a minimum of additional preparation. Of more fundamental concern, however, is the potential for experimental tests of the trade-off between wave velocity anisotropy, dispersion, and scale in layered anisotropic media; this has implications beyond laboratory determination of elastic properties. The τ -p method will aid in such fundamental studies of layered media.
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